Two-dimensional limits: methods and examples

Bertrand Stone

October 31, 2022

1 Summary

In this note, we give some examples of limits of functions defined on R?. We
can use the following methods to show that a limit exists:

¢ Continuity
e The squeeze theorem
e Polar coordinates + the squeeze theorem
We can use the following methods to show that a limit does not exist:

e Checking along different paths: e.g., considering paths y = mx and ob-
taining a limit that depends on m

e Polar coordinates: e.g. obtaining a limit that depends on 6 when ap-
proaching along paths with fixed 6.

We emphasize that checking along coordinate axes, lines, or polyno-
mials is not sufficient to conclude that a limit exists.

2 Using continuity
Recall that a function f(z,y) is continuous at a point (a,b) if

lim  f(x,y) = f(a,b).
(z,y)—(a,b) (@9) (,5)
Example 1. FEvaluate the following limit if it exists, or show that it does not
exist:
lim 2y + xzcos(x +y
(ryy)%(l,l)( ( )

Solution: Recall that polynomials in z,y are continuous on R? and z
cos z is continuous on R. Since sums, products, and compositions of continuous
functions are continuous, this f is continuous. We may therefore plug in (1, 1),
which gives

lim 22y + x cos(z + =1+ cos2.
(w)ﬁ(ljl)( Y (z+y))



3 Using the squeeze theorem

The squeeze theorem is the following statement: if f(z,y), g(x,y), h(z,y) are
defined near (a,b) and satisfy

L og(z,y) < f(z,y) < h(z,y)
2. lim(g )5 (ap) 9(2,9) = A = limg ) (ap) (2, ),
then the limit of f exists and limg )0 f(7,y) = A.

Example 2. Fvaluate the following limit if it exists, or show that it does not

exist: )
2 2 o
VvV T* + y“sin (z2+y2>

Solution: Using the fact that |sinz| < 1, we have

1
‘\/$2+y25in (M)’ < \/$2+y2.

We can see that the limit of the function on the right-hand side is 0 by continuity.

By the squeeze theorem (using h(z,y) = /22 + y? and g(z,y) = —/22 + y?),

the original limit is also 0.

li
(z,y)—(0,0)

4 Showing that limits do not exist

Example 3. Fvaluate the following limit if it exists, or show that it does not

exist:
33‘2
lim —_—
(2,9)—(0,0) 22 + 12

Solution 1: Let f be the function in the limit above, defined for (z,y) #

(0,0). Consider lines through the origin of the form y = ma. For z # 0, we

have )
T 1
flz,ma) = 22 +m2z?  1+m2

Since this varies with m, we obtain different limits as (x,y) — (0,0) along the
lines y = ma. Therefore the limit does not exist.

Solution 2: We can also phrase the above argument in terms of polar coor-
dinates. Write

r2 cos? 6

2
= cos” 0.
r2cos2 6 + r2sin 0

f(rcosf,rsinf) =

Since this depends on 6, we obtain different limits as (x,y) — (0,0) along lines
of angle 6 off the z-axis.



Example 4. FEvaluate the following limit if it exists, or show that it does not

exist:
. z?y
lim ——
(2,5)—(0,0) T* + 2
Solution: Let f be the function in the limit above, defined for (z,y) # (0, 0).
For x # 0, we have

a:me mx

flz,mz) = por e i Bripens; —0asx—0.

But we also have s o
9 lme m
T, mr’) = = ,
ut ) 4 +m2z% 14+ m?

so the limit doesn’t exist. This example illustrates that it is not sufficient, in
general, to check only linear paths.

Example 5. Fvaluate the following limit if it exists, or show that it does not

exist:
n

Ty
im
(@) =(0,0) 22" + Y2’
where n > 2 is an integer.
Solution: This is a variation of the previous example. Let f be the function
in the limit. If £ is an integer such that 0 < k < n, then for = # 0,

x"mak maxn—k

2" + m2g2k - r2(n—k) +m

f(x,ma®) = 5~ 0asz—0.

But if £ = n, we have

ny __ m
Flama”) =

so that the limit doesn’t exist.

5 Polar coordinates and the squeeze theorem

Many limits may be evaluated by writing the function in polar coordinates
and then applying the squeeze theorem. For a limit as (x,y) — (0,0), we set
x =rcosf,y =rsinf and then estimate the result.

Example 6. FEvaluate the following limit if it exists, or show that it does not

exist:
23

lim ———
(@,9)—=(0,0) 2% + y?
Solution: Let f be the function in the limit. For r # 0, we have

r3cos® 6

3
= rcos” 0.
r2cos2 6 + r2sin 0

f(rcosf,rsing) =

Since the cosine is bounded by 1, we have |f(rcosf,rsinf)| < |r|. By the
squeeze theorem, the limit is 0.



Example 7. Fvaluate the following limit if it exists, or show that it does not

exist: 4
xt — 8

lim
(2,y)—(0,0) 2 + y2

Solution: Let f be the function in the limit. For r # 0, we have

f(rcosf,rsinf) = r? cos* § — rsin® 6.
To bound this, we will use the triangle inequality (|z + y| < |z| + |y|): we have
|f(rcosf,rsinf)| < |r? cos* O] + |rsin® 0] < 2 + |r|,
so the limit is 0 by the squeeze theorem.
Example 8. Fuvaluate the following limit if it exists, or show that it does not
extst: ) )
-1 -2
D=2
(@w)=(12) (z = 1)2+ (y — 2)

Solution: Let f be the function in the limit. Note that (z,y) — (1,2), so
this is not a limit at the origin. We therefore set xt = 1+ rcosf, y = 2+ rsin6:
these are polar coordinates centered at (1,2). For r # 0, this gives

f(1+7cos,2+rsinf) = r?cos® fsin? 6.
As above, we estimate
|f(1+7cos,2+rsinh)| <2,

so the limit is O by the squeeze theorem.

5.1 The role of §

In the preceding three examples, we used the boundedness of sin and cos to
eliminate the dependency on 6, and concluded that the limit exists using the
squeeze theorem. One might wonder if this step is really necessary: is it enough
to argue that the right-hand side approaches 0 as r — 0, without first eliminating
07

Consider Example 4 above: in polar coordinates, we find that for r # 0,

rcos? 6 sin 0

f(rcosf,rsinf) = Py
If we now take 6 to be fixed, we see that the right-hand side approaches 0 as
r — 0. However, holding 0 constant is equivalent to considering lines through
the origin, and we already know that these lines give a limit of 0 for f. On
the other hand, we can see that the limit is % along the path y = 22, which is
r = S0 in polar coordinates (here § depends on r).

The conclusion is that we must eliminate the dependence on 6 in order
to argue using the squeeze theorem as we did in the preceding examples. (In

future math classes, we will say such a bound is uniform in 6.)




6 Advanced examples

The next example shows that it is not sufficient to check only polynomial paths
through the origin.

Example 9. Fvaluate the following limit if it exists, or show that it does not
exrist:
, ="y
1 T-12a 1 927
(@.9)=(0,0) [2[>* + y?
where a € (0, 1) is irrational.

Solution: Let f be the function in the limit. Along the path y = |z|¢, for

x # 0, we have
P L |
Now consider polynomial paths. If y = P(x), where P(z) = a1x + asz? +
...+ apz™ is a polynomial with P(0) = 0, then for z # 0, we have

n n
P(a)|z|=* =) ajajal ™ =Y aja/lal)’ |2~
j=1 j=1
Since o < 1, we see that j > « in the sum above. Since |z/|z|| = 1, we have

lim,_,o P(x)|z|~* = 0, which shows that

_ BPP@  P@llt
f(z, P(z)) = |z|2¢ + P(z)2 1+ (P(x)|z|~*)2 =0 -0

Now suppose that z = Q(y), where @Q is a nonzero polynomial with Q(0) = 0.
We can write Q(y) = bpy® + ... + boy™ = ¥ (b + ... + byy" ") where by, # 0.

Then N
W)

= lim |y|**y or + ...+ by ",
y—0+ y y—0+

where |by + ... 4+ by F|® — |br|® as y — 0. Since « is irrational, we have
ak # 1. Thus we have two cases:

0 ak>1
lim |y|**y~! = lim y**~! =
y—0+ |y| y y—0+ Y oo ak < 1.
This implies that lim, o+ |Q(y)|*/y = 0 if ak > 1 and lim,_,o+ y/|Q(y)|* =0
if ak < 1. (By similar reasoning, this latter statement also holds for y — 07.)
It follows that

Wy Wy e

1@ = [rypa s 2 = [QGlefpr 11 02y 7 0 fok>1
and

FQW)y) = 1Q()|*y ylQ(y)|~* L 0asy 0, ifak <1

QWP +12 ~ 1+ (y[Qy)[ )2



Thus, the limit fails to exist even though the limit is 0 along all polynomial
paths through the origin.

Example 10. Evaluate the following limit if it exists, or show that it does not
exrist:

I 'y

im @—

(@y)—(0,0) 2t + 22y + y*

Solution: Let f be the function in the limit. For r # 0, we have

rcos*fsiné
cost 0 + cos? Osin? 6 + sin 0

f(rcosf,rsing) =

To obtain an estimate that does not depend on 6, we need to find a lower bound
for the denominator. We will do this by completing the square. Set z = cos? .
Then the denominator is

P4z(l-2)+(1-22=22-2z+1=(2-3)>+2>3
It follows that
4 0sin @
[f(rcosf,rsinf)| = [rcos” §sin <ﬂ—>0asr—>0,

cos* 0 + cos? 0sin? 0 + sin* 0 — 3/4
so the limit is 0 by the squeeze theorem.

Example 11. FEvaluate the following limit if it exists, or show that it does not

exist:
5

lim ———
(@,y)—(0,0) 24 + y?
Solution: Let f be the function in the limit. For r # 0, we have
3 cos® 0

0,rsinf) = ————.
f(rcosf,rsinf) r2cost 6 + sin? 0

We wish to find a lower bound for the denominator that does not depend on 6.
To this end, fix 7 such that 0 < r < 1 and set z = cos? 8 € [0, 1]. We have

r2cos? 0 +sin? 0 = 1222 + (1 — 2) =: f(2).

We will find a lower bound by minimizing the function. Note that f'(z) =
2r2z — 1 < 0 if r < 1/4/2. It follows that f(z) > f(1) = r2, which shows that

r2costf +sin?0>r?for0<r < 1/\/5
Using this estimate, we see that
|f(rcosf,rsinf)| <|r| - 0asr—0,

so the limit is O by the squeeze theorem.



Example 12. Evaluate the following limit if it exists, or show that it does not

exist: A
x* sin xy

lim
(2.y)—(0,0) x4y
Solution: Let f be the function in the limit. For this problem the estimate
|sinz| < 1 will not be sufficient: instead, we will use |sinz| < |z|, which is a

stronger estimate for small x.
For r # 0, we have

cos* 0sin(r? cos 0 sin 0)
cos* § + sin? 0

f(rcosf,rsinf) =

As before, we can complete the square to see that

N[

cos® 0 +sin® 0 = cos* 0 + (1 — cos 0)* = 2(cos® 0 — 2)* + £ >
Using this and the estimate |sinz| < |z|, we obtain
|f(rcosf,rsinf)| < 2|sin(r? cosfsin )| < 2|r? cosOsinf| < 2r* — 0 as r — 0,

so the limit is O by the squeeze theorem.



