
UCLA: Math 32B Week 10 Worksheet Spring 20

Remember Stoke’s theorem: if S is an oriented surface and @S has the boundary orientation then if F is

a vector field with continuous partial derivative then

ZZ

S
r⇥ F · dS =

I

@S
F · dr.

1. Let F be the vector field hx, y, xyzi and let S be the part of the plane 2x + y + z = 2 that lies in the
first octant oriented upwards. Verify that Stoke’s theorem holds in this example by explicity computingZZ

S
r⇥ F · dS and

I

@S
F · dr.

2. Let S1 be the surface x2+y2+4z2 = 4 where z � 0 and let S2 be the surface z = 4�y2�y2 where z � 0,
where each surface is oriented with the normal pointed upwards. If F is a vector field with continuous

partial derivatives explain why

ZZ

S1

r⇥ F · dS =

ZZ

S2

r⇥ F · dS.

3. (a) Let D be the disc x2 + y2  4 with upward pointing orientation and let F be the vector field

F = hxz sin(yz), cos(yz), ex
2+y2

i. What is

ZZ

D
F · dS?

(b) Let S be the part of the paraboloid z = 4�x2�y2 with z � 0 with downward pointing orientation.

What is

ZZ

S
F · dS (here F is the vector field from the previous part of the problem)? Hint: Does

F have a vector potential?.

4. Let W be the part of the solid cylinder x2 + y2  1 where 0  z  1, let @W be the boundary of this
solid with the outwards pointing orientation, and let F = hxy, yz, xzi.

(a) Directly compute

ZZ

@W
F · dS.

(b) Directly compute

ZZZ

W
div F dV .

(c) Compare your answers– what do you notice?
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2 We seebytaking 2 0 that both SiSz are boundedby thecircle a y2 4bothwithpositively oriented i.e CCW boundary

Thus byStokes 1hm
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b Recall that Stokes1hmappliesto theintegralofthecurlofavec fieldSowewant
towrite F as thecurlofanotherfield F OxA forsome A
Notethat 0 F 2xF TryFz t 225

2 siryz zsinyz t O 0
sosince F is defined on R F has a vector potential A thatis E Px A
seealso Poincare's lemma
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c These are thesame whichalsofollowsfromtheDivergenceTheorem


