
WORKSHEET
DISCUSSION SECTION 6

DUE 5/13 AT MIDNIGHT PDT

(1) Consider the function

f(x, y) =
x2y

x4 + y2
.

This is a standard example that shows how subtle 2D limits can be.
(a) Let y = mx for some constant m. Compute the limit

lim
x!0

x2y

x4 + y2
.

This shows that the limit of f(x, y) exists as we approach 0 along any line.
(b) Let y = mx2 for some constant m. Compute the limit

lim
x!0

x2y

x4 + y2
.

(c) Are your answers in (b) and (c) the same? Does the 2D limit

lim
(x,y)!(0,0)

x2y

x4 + y2

exist? Why or why not?
(d) (Optional) Find a function f(x, y) such that the limit as (x, y) approaches (0, 0)

along any line mx or parabola mx2 is 0, but which has no 2D limit at (0, 0).
(2) The Frenet-Serret formulas are a set of di↵erential equations satisfied by the unit

tangent ~T , the unit normal ~N , and the binormal ~B.1 We have seen two in the
definitions of curvature and torsion, namely:

d~T

ds
=  ~N, so that  =

�����
d~T

ds

�����, and
d ~B

ds
= �⌧ ~N.

This exercise will outline a calculation of d ~N/ds. You may assume the following:

There are unique scalars a, b, and c such that d ~N/ds = a~T + b ~N + c ~B.

(a) Explain why ~T • ~N = 0.
(b) Use the product rule to di↵erentiate ~T • ~N , and show that ~T • d ~N/ds = �.
(c) Use the distributivity of • over addition to show that ~T • d ~N/ds = a.
(d) Conclude that a = �.
(e) Di↵erentiate ~N • ~N and imitate (a)–(d) to show that b = 0.
(f) Di↵erentiate ~B • ~N to show that c = ⌧ .
In summary, d ~N/ds = �~T + ⌧ ~B.

1Recall that ~T , ~N , and ~B are unit vectors that are pairwise orthogonal, just like the vectors ~i, ~j, and ~k.
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