
WORKSHEET
DISCUSSION SECTION 5

DUE 5/6 AT MIDNIGHT PDT

(1) Consider the logarithmic spiral parametrized by ~r(t) = ethcos(t), sin(t)i.
(a) Show that

�� d
dt~r(t)

�� = et
p
2.

(b) Show that
lim

t!�1
~r(t) = h0, 0i.

Is there any real number t such that ~r(t) = h0, 0i? Why or why not?
We like to think of ~r(t) as emerging from the origin, so we’ll use �1 as our lower
bound in arc length integrals.
(c) Compute the arc length integral

s =

Z t

�1

����
d

du
~r(u)

���� du.

This expresses s as a function of t.
(d) Keep s and t as in (c). Express t as a function of s.
(e) Compute the arc length parametrization ~r1(s) = ~r(t(s)) of the logarithmic spiral.
(f) Check that d

dsk~r1(s)k = 1, i.e. that ~r1(s) really is an arc length parametrization.
(2) Consider the Archimedean spiral parametrized by ~r(t) = thcos t, sin ti.

(a) Compute the first and second derivatives of ~r(t).
(b) Show that the curvature of ~r(t) is

(t) =
t2 + 2

t2 + 1
· 1p

t2 + 1
.

It may be helpful to recall (from homework) that the speed of ~r(t) is
p
t2 + 1.

(c) Let c(t) = 1
t be the curvature of a circle with radius t. Show that

lim
t!1

(t)

c(t)
= 1.

(d) (Optional) What does (c) tell you circles and Archimedean spirals?
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