
 
disc I BertrandStone

bertrandstone mathUcla
Operations onsets office MS2909

Union yeaBa x thereexists a s t xeBa or
Mt TBD

Intersection f Ba ht xeBaforevery x and
aed

Complement A Her cA not

Difference AIB IKEA x B

A_B means xcA xEB
AEB means xcA xEB

Usefulproperties AIB AAB
AALBUc AABVIAAc
AUCBAC AUBn Auc

distributivity

EI Mal B MA VB

PI xcRICALB
3r it xel andxelA1B

iff ee r and x AnB
iff xcAand x cBY

Br iff
lxeAandx4B1iffxe1Aor_xeBiffxerIAorxEBFfxe

lAluB.Pnotability spaces

µ F P pl I 20
f put L 1447 0L probability

samplespace mean E tip Ii
def
A c f A'E f
AiAz Ef AUt U E J



Exm I23 Uniform dirt on N elements

If I w Ww I 2h Pwi Pkg ViVj
then P is a prob measure if Plw Yu
Then PLA ANI

NI Cau't have a uniformdist on infinitely manyelements

Ex 1.22A
Consider an experiment in which we roll a faircorn Htt 20lines
Describetheprob space 41
I finite sequences of length 10 on H y Wo Otuts HHH I

w I tail ITHit 1 14TH I er
F 2h Wz 2tails
P uniformprob measure Wyo lotouts

r Wo Ww
Ex 1.99 findtheprobabilityof n heads in

the tossesof a faircorn

HE
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Fromhate I

I Suppose PLA PB 43 Showthat
E PIAAB E

and show theextreme values are attached

PI upper By monotonicity AnB EB PlanB E PCB 43
lower we have PIAUB El By inclusion exclusion

PlanB PLA t PB PLAVB
34 t Yz PlaVB

Z t b I Yu
Ekin I 10 21 f Borel P lebesguemeas

A 10 341 B 143 I An B 143

PIA PIB 43 PLAnB 42
A 10 341 B 10 A nB 10
Pla 34 PIB b PLANB 43

1 countableversion Suppose r wewz is countable pi I 7 2
Weset Pkwy pi sothat

PIA piiwieA

ClearlyPls L
If AiAz are disjunt then usedigointress

Pl Ail i.EUri fEi.E.a ri E Hi
Example fourdie h 11,2 6 p p6 16

Urn w 3 redballs 2 blueballs I greenbak
r ERG B pre Po 26 PG to



Bayes rule example

PAIB Pplf PLBIA Plt PIB O

E A 1bomber is there
B radaralertsyou
PHI 0.09
PIBIA 0.99 detection

PIBIA't 0.1 falsealarm

If thealarm goesoffwhat is theprobabilitythat the bomber is actually there

PHIB PHlppfp.BG PlAlPlBlA1PlAlPlBlAltP1a4plB
Ay O343

With Pla 0.09
PIBIA 0.999 get PLA B e 0.567
PIBIA 0.04

MontyHullproblem You are presentedwith 3 doors
Behind me is a car behindtheothers aregoals
Youselect a door
The host opens at random a doorthatyoudidnotpick and thatdoes not have the car behind A

1 Should youswitchto theotherdoor
If youdon't

switch Plum 43

If youswitch
w proh 43 34 lose

v Pwin 43
w prob 43 03 win

TI
Moreformally suppose we choose door 1 and willswitch

Ptwirlhostopensdoor3 Planat 21 hostopensdoor3
hostopens P car at 2 hostopensdoor3 Phostopensdoor3carbehind

11313 42 b t I 43 k I 3
Note Pigeonsaregoodat thisproblem Herbranson Schroeder20101
Replicationoftheprocedurewithhumanparticipantsshowedthathumansfailedtoadoptoptimalstrategiesevenwithextensivetraining
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Reviewof afewproblems
114 Ye ways ofgetting k heads in n tosses

n n il In k 11 µq sequences with k heads

But wejustwantstringswith k heads irrespoforder so dividebyk toget
n
Tin i

1 firstmethod Show Ai Az An ane indep thendoneby iterating this
Fx a subcoll in it Jfl Ei En
If I J thendone disjunim
Otherwise write J I UJo Then

AAi KA.fi nHulA.oAilnAil
H Pl tilt PlainD

IIPlait IIPhil
Plain A IIPhil IIPhilPHI K PLAID Hit

as desired

secondmethod

PAfar nai I PLAIN vAik

I C 1 H P NA inclusion exclusion

ofJedi jet

I c it IIPhil
k
IT I PAil thyinduction
j I



Ugo ohf
PIB PlBl Il PII RBI E PII

f Iz t fo Iz 791 0.964140

L PHIw Plwl I PHI
Mw

I W 0.6557 1 PCB 61

ThuKanti 151 124

PI x Ex is an injection S 2 so 1St E 124 Suppose fS 25is
surjective

Consider E f e s 5 ft Then I ft E Butthen

cE ft 34fled E a contradiction So 1st s 129

CoeThereis no setofallsets
If S were a set of allsets then I E S so 124 e 1st

ByCantor's 1hm 1245151C124 a contradiction
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Reviewprot

V is a discrete RV but U W aren't because they're not
measurable w r t F
Ex2
Toss a coin n times w prob p of heads on each toss
1 s Sn SiE fH 113 of 2h

Paw phkign htt

where Ww1 is thenumber ofheads and q l p
Set

x w f f
theithentryof w B H

i is T
Then

P x o P Ewer wi T

Paw
wWET

Ei Phi
h
EETryphon

e h

glp q q
so PIX D p
X Bernoullip

Now set
Sn X t Xzt t Xn

thetotal numberofheads
We have



Msn k Yapk I p
n k

n k

F
nk i Iid It

f up
Ii Is E Li H

t

I e t I

E e x
as n s

so we obtain a Poison variable X w

PK H II e t Kao

Guardian newspaper w 106 chews pnh 10 9ofan error

Get 1 10 so e g
Pl10errors PSn Io x e w 10 x 0.125

Bulmer horseexample
Example from von Butkiewicz DasGesetzderKleineZahler 2898

related in Bulmer Principlesof Statistrs

I 7 0.7

i e usingtheempiricalmean

C 280 e 0 etc
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Huk problems

1 X Biron0.21 numberofwrongdecisions

Plumy PIX241
g 1

0.210.87 k

I N Geom0.09

PN L l pl p z oGlatt woo
0 I

gut tooo 0.9

pal woo oet

PPIN wooo.si ell pl p
Dotherwise as

EIplNIKE oooo rill pit p
k L 0

as
soo I 0.9kt o.gga1kI

7206.9

another geom example

ExI Suppose youflip a faircorn repeatedlyuntil you
see a heads

followedby a tails
What is the expected numberof coin flips

TTT a THA HT
gemlin gently Elgeoml'Ll geom4211 4

moregenerally geomlp geomg Elgenip geomg I F t I



Exponential w memorylessprop
Wesay T is exponential f PIT H e It forsome X O

CancheckT is memwylessdirectly

onverseDurrett

PIT O L and PLT t SIT t PIT s t s 70
PIT t e At for 20 firstdo it for t m2 I

i e PIT m k PIT 141717 m

Htt PIT t

Herty fledfly
flo I since fO O

Also Hml HIT fly HH
fly HIM

so f f fIgf HMM so defX s t H1 e t snuff 40

f r e tr for reQt Then use monotonicity
notethat sat IT s 2 T t so PCT is decreasing

So fr t O if g aft are rational and g at qt
we have

PIT g I 2 PIT H Z PIT qt
11 11
e Ag z e It z e Agt

so sending g it g St by continuity of e H we get

PIT t e At Utz 0
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311 fromGl
Ela ElgeomHl geom

t geom

Im t t my m I t Iz t Em MHM

WehavecaEET I of 0.57721

f
ITdy

s n I T dy zu

claimit'sdecor cuteECn

III loginh EE togn log I

lighted x g't
E t I logs In

114 I

lighted ka g't It Int t

2n ntl n t I
1 E O2h4m11

nHn e nly log n 28.8
actually x 29.3

6 Y spades

4 aces 52 01213spades o 36.39 1236.2 121172.5192.51 52.51

ta x i atsi7zEIi2zA S M z 3.2 I 3 z O
36 A S T.si 9751

PIX O Y o 1stdraw in AAS 36gz
2nddraw in AAS 3951

PK2,4 2 0
PIX OY p 1stdrawin Achs 2ndin ACA5 or theotherwayaround

p x 1 Y L 1stdraw in Achs 2ndin Ars orotherwayaround

011stdrawin AnS
2ndin ACAScor otherwayaround



I X Y RVs w PlX i Y j O it bei jez

E XY i
ijPlk iiY j 1.1.03 I 2 Ott 2 1.04 22.05

0001 Of
10 11 12
W 21 22

Nb 0 02 03 PIX it oPK i Y j
02 03 of
03 04 09 pitt pit2 01 3

O 202303 204 05 1 Efx iP X il 1 02 03 04
0 0.40962 to 2 03 0409
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Xi Lai Ai ithboxisempty Nballs M boxes

X t Xm emptyboxes

M
ElX t Xm Pfbox i is emptyi 1

M 1It
MCLIN CM 1N
M MNT

Elk t Xml q EH Ella la PlainAil

Phil t.q.PHintp
Mf.tn 471CFT

varlxit i xnl mnIH4 MI.lt 4711M

11

If ItIs incr rightcont 2
I e 2x

a r r r
CH V V ki f I e 5 2 121 O

H v r
Cal f e 2x 2xe 0

forx O



7cal Suppose P X c S s 0

For ice Ftc f x P a Xs c PIX D 8
so F is not cleftIcont

b d P x c finFk nkyzFf tn by cont f measurec
orforanyseer's0

followssince µHEc t Xcc

So if Fx is discont at c by monotonicity sided limitsexist

by right ant we musthave

Plxcctfiyzffxlsfizafxl ffcl Plxa.cl
PK c Pksc P Kcc O

PYa x PlOsY e x PY ol Plo Xexl Flo PHEx Pksol Fled

for x70 otherwise 0

yya.nl L so v is measurable

ol aes co

la Set a inffx FEIZ Iz 1 If flat Iz Is 0 x cCa S a FEI I
WTS FlaI E Iz E Flag Butthen la S a E x FH Z1a

so that a e a S f
E FautHantz an a

by r cont Fla Fla so Flat312
anyx inhereisamedian

t94 Canobtainan example fromanysymmetric dist In
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ReviewofsomeHWproblems
1 ht X be a RV Z s t PIX L pe fr ke2 Show that Fx satisfies

Flb Fxa Pat tPatzt tPs
for a be I s t ach what if a I ane m R instead

Fb Fxa PIXEb PIXc a PlaL X Eb Pat paint Pb

for a beR a ab wehave

Fxlb Fila PlaceX eb paix t pa t pls where at fat't it a c 2fat if a I

3 I L e dx
I e dxf.IE5dg I e 7d.lyMiff r r doch

21 re dr El te If IT I Fr

Toget Gaussiannormalization do a changeofvars

I suppose K is a contRVw density

fx You a it si
f x I

a And c
lb findFx
c PIX o
Pks 11

4a I c II x4dx go c 3g
I
O

M E Ifp pay I IHH x

c p x o I 510 I 3411 1st I I Iz canalso seebyinspection
PK 11 0



51131 X Expat Htt Xe H FIH I e H fr t O

B ex
fr t 0 PlexE t P X a logH Alloyt I e th t y y a

Suppose X Geomp Y Geom r be indep RVs Showthat

2 minX YI Geonp r pv

Wehave minkYI z iff x z y z

N p

so 171272 Px z P Y 21 by independence

L.EE pi p Eau ai r

Hpip ohpi H plz
I p1211 if
H pla ul
H Iptv rpm

PubBulmer Amachinegunisplacedatdist b 0 from an infinitestraightwall
The MGis pointedwithangleoffOet'TEl uniformly randomly Showthat X thedist from

thecenterofthewall to the impact point has a Cauchy list
bft 1h2t x't

Sola f i

m
Observe that tan0 so that PIXEx Pl Iz E Osanctum

arctan f t Ia
itHence

fled FKex Iggy f ftpIt

Nb thisdiskhasinfinitemean



so 9 Note 3 requires someassumption e.g at most one ofthe integrals 13 infinite
Ad Y PorsonX

Plyza PIX cX x Gammala 1
x i a i

PLY at e e et I e EIk o k

e de 1 yr e toddy a
gfy e Holy

Planet 4471 y e Moly 9,11y e Idy eY

f foy eYay Yaye

PIX a H PLY a

PLYza 11 PLYza PLY a
PIXcH P14 21 Pleat a H

Id Liz diz 2
C

µ
11 d 2M I HiLig 2mi EI

f dx t i ok
121 1Ima o b O need OEOEa

e it sothis integral is 0 kt't't y go as R soo we get
re J e't d I sin q i dx II use i

L x e andcheck

I i dx If e te
i
d

orientation

as

II.fi dx H.eTi.Idxas as

LI ly tite2 IT
4e2

1galU Z zit ELK et



Wl Vil fk yl fck'tExy
0 axe l O ya2

O ah

a I_of Exy ddy c Ft f f c
lb PXEx YEy J s'tEstdsdt f Oexc l OLya 2
14Fly ffo Exydx f Iz Lay
Eld filetExydy 41 24
d No eg check x y I

6 X Y jointdensity flyg Elxtyle T x y zOO oth
Densityof K Y

f yH L Hx z x dx

as Plated J f Axgdydx f f f Hu v ulduduthen differentiate u x
v x y

z
f yH Jo f x 2 x e K Hdx Izzze z

E 7 µ Flag FK y H FK h y Fli hy H zO
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