







































































































132disc.ly BertrandStone
bertrandstone math.uda.edu

MS2905

Compte numbersofthefranz a bi whereabe R OH TBD

la b bertrandstore.comta
A

differencebetween EandR2 realparthed imaginarypoet Tmz

E has a product
a bi c di actibctide bdi Lac bdl lad bdi
labK d lacbdadtbd

andyoucandodivision Define the none ormodule of z a bi by Id fat
What's thesame distance

Z a hi w c di

Iz wt kez lewfilimzImwT lacptlb d llla.be Lcd11

The congregate of 2 atbi is E a bi Wehave
y z

ZTw Ztw Tw ZE thez ZIZI Im z Z
Zi

p9 It relied i2tz Z 222 1 222,2 Tumz

p b 22 Rootsof z 16 0
factoras 642 42 62 4 22 4 z 2 z 2 22 4

z 1 2 2i
Fundamental theoremofalgebra Thepolynomial and an12 t tao an O n z H
hasexactly n roots in IC

fHardpartis shiningthat a root exists we'llbeabletodothis laterinthecoursee.g
usingLiouville's

1hm

Note we countnihmakplicity so eg 22 0 has two
solutions










































































































Polarform
z X tiy

r i r _14 7252
a lot
x if x y O

O arctan t Zick KEI D argz
Sothepolarfirmis notunique We write z NcosOt isie01

Write D Arg z to choose the 0 s t ITL O E IT

Complexexponential

as
e a at

Kao k

Keyproperty ez w e'ew

Def cos a E sin a eiZ_

Then
eid cos0 t ish 0 Oc R

so we canwrite o
Z re 1

Multiplication z reid w seY
2W rse'Veill rse

i10 y

i1 y 0
oxy

so whenwe multiply we add the angles andmultiplythe lengths










































































































Rootsofunity
The egn z L has n solutions

givenby
z e kiln to O I 2 n l

cos29 i sin2

The rootsofunity frmthevertices ofa regular n gon inscribedon
theunit circle

In 51










































































































1321in
Riemannsphere stereographicprojection

z
0,11

y
x

let Extra 1111 13
For lxi.kzxdC52exc10,411assocthe complex theblue line hits when

going through
10,011 LxiXzXsl That is

0,01 ttlxnxz.kz 1 x y O
1 16 H O

Hq 1 I
t I

1 Xz

cx.gl L
i e 2 Xyt

I Xz

Togotheotherway not that

net i iI I 12
L 43112431

2 It
1 as

L g142 1 43
121 x142 1t x 142 I X 1 144

x 14211421










































































































so 2 lez g

x ZtI I xz 24 11
2 21 TE

sin Xz 2 2
11142 21

forcompleteness x 142
1142t 1

Now 10,0 it corresponds to the point at infinity wewill write as
Thus the whole 52 corresponds to EU a

We nowshow

Prof Stereographic projection takescircles in 1C to circles on 5
Importuntnotei Lines in E are circles through s

PI Anycircle on the sphere lies in someplane
AX t 222 233 No

where wecan assume 42 ATt of L U I do 1

In terms of 2
412 27 int Z tag 142 1 do142 1

or with Z X tiy
ZaX iazZig t 2362 y 1 do k't y t 1

do g 1 2 ya 2am 2dayt do123 0

so if do f a this is a circle and if no as this is a line










































































































Chordaldistance

If z z EE what'sthedistanced2,21 betweentheirprojections
xaxaxs Ki Xi oil on thesphere
Wehave Ki xi t 1oz x t't lez G'T

2 2KXi t Xia t 433
when

xixitx.xitx.es I i4I t.IE ifiIEatEEIi
12 276t 2 Iz 2712 I't t 1142 1 K't Il

1142 1111242 1

ly it2iztH'I i
212t 2142

1 14411 1244 212 2 ll
Ltd't1 lift 11

dk z 2122112
THEE

the chordaldistance










































































































1 101019

Wesay f CtR complex differentiable at 20 if
fto Im ff4 ff

z a Z Zo

exists

flat E is nowheredifferentable

zth I
h h

as h 0 along R get 1
as h 0 along in axis get 2

It g I

allowingh 0fromanydirection
makes complex differentiability

a verystrongcondition
NIE usual rulesofcalculus hold bumproductquotient chairrule
Wesay f is analyte or holomorphic in

an open set 1 if f is
differentiable foreach zer

But we can also think in termsof neal imaginary parts

2 x icy fled uke y t i vLxy
recallfromcalc

Wesay f Rko is
differentiable in the real sense if

HHtht flet Tell1in D for some 2 2 matrix J
K so 11h41

which we callthe Jacobi
In thiscase the partials exist

i this'm I










































































































So what's the difference

Suppose f u iv is complex differentiable at a koyo

We know
fko fy.gflathlffa.lk

fKothi yo flxoyolin
4 3 Calh o

h ER

sin using h ily we get

fifa hhygoflknyothdhz H.MY Itfzyczoy

So tf iIffy at Koyo
Now since f u ti v

Mutiv
T i Hut

Z
F tidy iffy ing iEy t Iz
In Kz If ku at a

2g

These are the Cauchy Riemann equations
at o

EE ft yl Wy This f satisfies the CRegusabout is not
differentiablethem

ukeyl THY goth toll10,07 Ino a
0

real

Eggo01 0 similarly

v O Efx Hq D
Wealsohave 1in thI F huffyoh ihr o h ihr h ihr

so ifhe ha70 hYfFIh ihYhsothat whichdoesnot exist










































































































Wealsohave

Thin Suppose F u N is defined on an open set 1

If u r are continuously
differentiable satisfy the C R que

m h then f is analytic on N

We
ii h y hi ut y Inhi Ight14411 envywww.apvlxthiyth vk.gl Inh t Kayh t 14414

Wh h h ihr fig O as 1h1 O
Then C h

Heth fly Fy ing h t 1h14 till
1h1

so f is hot th r J
Iti III Tig 1 d fi

htt rat 7 74
cL say forsome 0

ByCR detJ EnFy FyFn End thatsy
Half f Y then iknl that Yzf

so filed O locally f is a rotation scaling no reflections

Thatis f is orientation preserving
ThisiswhyHal I 13 notanalytic










































































































32disc.de 101719

togs
Want an inverse to 2 ew

w
tog z W i e z

In R this is fire
Pullen emi I eGt i eYi If z reid

log 2 log121 t i ang z
any k

satisfies

e ogHeiangz e
tog r e i10 Hk reid zelog2

But this log has infinitely many possible values

We thusdefinethe principal branch

Log2 logtd t iAgr where we recall a eArg z it

BecausetheAvgjumps by2T as we move over A we willdefineby
on a domain with a b t specifically we remove Reo yer y o

Prof log is analytic in z c E 2EReo with derivative

PI Wetry directcomputation
Is.ME wk.nwoweEYw whew I to

z ew a eWo

Thisworks as longas
hereneed lil z a w Wo this is just by continuity of expandLog
thebranch liil z f a w Wo this is immediate
catfor
continuityoflog










































































































We can also use otherbranch cuts

s

In thesecond case we use an avg w

Ia e arg z 2A II Ifr
So withthis log log

logl 2 log111 t iangl l
O t im it

which indeed satisfies ein I

Infact this is exactly why wemight needother branch cuts

Ex.itfronbookl

find a branch of log123 2 that's analytic af 2 0

Want a log that'sanalyte at 2 Eg we canuse log

In fact we cangofurther

them If h is open simply connected 0 eh then

there is an analytic branch of log on r

The
Sameforanyentire function that's everywhere nonzero like EZ

Probley list all entire functionsf s t
ft t f 12 L

Provethatyourlist is exhaustive
we'll dotheproof nexttime










































































































132 102419
Start w answertoproblem from lasttime

Complete list is f II cos z c fr c e E

PI If f is constant then f 0 so f ft'll I f 1

Suppose f r not constant Write g f We have

f2 GZ I

If ig frig
So f ig ftig have no zeros Thus 7h hot in E s t

f ig eh Then f ig e h

Addingthelasttwoeyns
h h

f Ete
2

similarly Zig f ig ftig eh e h

g eh e h

Butwe also know g f dqehte
h

2

ehhiteh.LY
2

h eh_ze
h

hence ehj.tn hi eh y
Want to cancel ehze

h
a.com do this since eh f e h

except at isolatedpoints otherwise we would have eh e h

by analytic continuation hence f const a contradiction

Thus h h't i Ltd iz t C
iz ie for c

That is f eht.ee eik c e ite e

z
cos z c










































































































Midterm I

1 z 172019 220 242019 1

eat OEk 2019

z y zehrikhou

z y e thou I
1

z
I e2aitlwig

for l E k e 201g

I let be the boundaryof Klaus Then
lil 1 11 I
Iii does thishold in the 2

Ii eqt to 122 1123 We have
122 it z 124 I L I 3 by Rev D keg

Iii No let 2 0

I Suppose f is entire w f u iv and ulx.ylvlx.gl 2019
itrealvalued

Showthat f is constant
Wehave 2 au D and Jyluv 0 and Ux Vy

I uy byCauchyRiema
UN tUG UyVtUVy

so u v turf 0 uyvturvyIl k une VV
Vgv any v V aux

UU VV Ung VVy










































































































Thus my way
Ev4y My ur rt CG

u2 v2 Ctx
Similarly u2 v2 Cly using the otheregg
Thus u2 v2 C
Wethushave Cutivl u2t2iuv v

62 v2 Liar
C 1 Zi 2019

so f is const
hence f is constant

f for2ndPhof.suazar'ssoln Weget u v uv O multiplyby v uresp
VxV2 uu v O

Uyutury p
as theThen use c a

UVutuW D VxWtvh D

Similarly u2 v2 D Thus since ur 2019 u't v2 O

we see that u 0 4 0 so C R again f r constant

I Note that
ftd ft H2o z z

Ha JE a fifth as a a

tNeedg40 near a 10th g 0 by continuation

ProfSalazar'sreason g 0new a 9
2191 0 gta oz Zo

I Wehavete Iz re
y

k IIy sin Im I Iq
Write f at it Then










































































































e cos I eae.it ib eatih ea ib

baton theotherhand
T

Ree k e e eatib ea
2

So y Reel'Ll 13 harmonize

32dis6E
The quintessential contourintegral

Jc da Hi

where C is a cire Iz al v w positive orientation

6Indeed

jazz fittldt ztt at ve t

a att a 0 e te Za

Aire 2mi
re adto

Now followRuden fr local Cauchy theorems Firstdo ff O if f F8
Cauchy's 1hm fr a triangle f a loop
Suppose f is analytic in an openset r d is a cbdmangle in r
Then

Jg ftddz O

Theproof is via bisection
µ

to r
a

d dz
Consider thesubdivision above so

I fHdz fldda
Jo soi

Hence










































































































If floddzI E 41 ft dz for some 1Eje4.20Jj

if not If flatdy s 4 1 fHdz for all j so
20 Joi

41,1 114 111 111 11,1 1 egg
D O j s t this

Now iterate subdividing the triangle 4 j chosenabout
latest

If Haldef 441µgHal dz

So get a 9 OH z omz gt3 z
hence there is a unique point Zo E Muli

j p

since DG is apt I diam04 0 as j soo

Since f is analyte for all c O
Hz ft Hz e e

for a near 3 hence in 04 fr large j
That B

Ifk ffa Hz z a I Ek 201

So f fudz f ft fla f't z a dat fla f 3 z 3 d
204 joy E

0 since this

1 I e e perinO diam04 fu has a primitive
c 2 iperinD 2 jdiamD










































































































so that f E 44 f E 41 e 2 ipain 02 5dam8
20 2041

E pain 0 diam 8

so since E 0 was arbitrary fo f O

Now showthis stillholds if f is cont f analytic in d p
consider case where p is a vertex then reduce to this case

4
p

Cauchy's thin in a convex set

Suppose I s open convex f cont in r f analytic in It p
Then f has a primitive F th r i e f F
Hence

I fledda O
8

foreveryclosedpath f in r

PI Fx a Er If z eh the segment la 21 Eh since I is convex
So define

flag J ffg d 12th
a 4

If z zo Er the triangle w verties a z z is in it
So by Cauchy's 1hm for a triangle

Ftd Flat 4 Hddg indeed

e la tfa.at a.af o










































































































so fewyf la a f haasf
Iga

z
f faw f Ftd Flat

By continuity for a O 3S 0 Iz 21 8 Hz fbolls e
hence

fEl Hz
F flat

Igaglffs fkolds

I sup Iflsl Hall tenEzo 4Iz 31

sup HG Hall c if 8 is as above

Thus f f










































































































32 disc 7

Usirgcauchylslhememphop.fm

EER

e 3 f eAke tried
Pfe fur 3 0 this is just

1 f e dx which we cando in polarcards
Now suppose 570
IG the integrand suggests lookingat

e Alxtigk e Tx e 2r3ixea3

so integrating Nts corresponds to integrating LHS i e

integrating e
2 over the segt I Rt i3 Rti51

So consider the contour 5

Rti c c Rtif
u n

r R
We have

e t da 0 by Cauchy's theorem

Ontheother hand it's

g.ie x'dx I d t
mine fair

for the thirdintegral










































































































14mm e 4 11 idyl e Ce 7 so

e Alr't2ityy4

0 as R soo

Sin fr
We also know ftp.e de 1 as r as

e

fate
1kt3 de e 5 e e Hix dy

r

so as R as we get

y e't e THE4 3dx t 0 t O O

f e THE 2 3de e E3

Prof fire smelt't It

Consider 5 reint

µ and fly e
22

o R
Then

J e dx t J e da t 1µmye
da e D

Jo










































































































O as R os

o LeikyTeinedyf e
k

eire e y dy

f e dx If e oh Ea

so as I as

iz e t I e it dy O

f e y dy Ez e irk Ea cost isn't
t

cosly4 isirly4 cos Eg If sent

J cosy dy he f e'Tdy E
2E

J singedy Imf e it dy It
These are the Fresnelintegmts










































































































132disc 8
Circularcontourexample

I snit m
L

eiz R rconsider Hak 2 T

O t
µu

d t ly t da t ly f da

g'teilreosotism
O

11µFda Heidol e fo e
howdo

O

OE e h hO E f in lo al so

yes Jie odd footalyze
l Odo 0 byDc11

Ontheotherhand

fg f de JIeicmy
siho

i.ee do

ifo't
ecosoe aahd do

The integrand isbold by e
EMOE L so

throly fd2 iffyJ e E
oOe eanddy

Insole's Oe E hOdd ip byDCT

So sending a 70 thenRsoo we get

0 I e dx t 0 in

E d in

hence taking imaginary parts gives 9M dy it










































































































pool f.TT x dx htt useTaylorseries for onepartofsheintegm

Hi I e n
f 1z f

R E R

I t 1 µ ii dx t f f t

I eiee.io

f f Jo Yi iceOdo

1 g td ixI i told
Jg f fo f o on ieei0do

it

I o eX do Jo on iceiodo

it lol a OH c O as e so

as r O a O

o I dx r to

f h dx it

footagedx it










































































































Midterm 2

Wehave 7 0 on f
htt K 1 d's O

S a

ZHI t it Z'H I Lit

J z dz jolt it411 Littdt J tda t f itdt
2iHIt t 1,1213 A

Iz Izi t YI t Iz I t

i f peiTdz tf zIiTd2 I 2ai.e2iHt Iz
Cauchyint formula

ii Ju YETda 0 byCauchy's 1hm










































































































E d ie k

eiYEitildz 2ri
it ik i1 1

tHe EI

By Cauchy's estimatewith n 3

IfYall E Insup If I15 aka
E 20292

r

so sending r as shows that f a 0

Since a was arbitrary f O so that f is constant






































































































32disc 9
Localpowerseries representation Suppose f n analyte in h Zoer z eBra Er

Hal t des
kal v

I Ids
15al L 2v 3 a

z z
I

ws EEeTdsher n o 3 a

n.IM f istEtTds e al

s

E.tnit iEITds
f canbeexpressed as a power series in Barla

f is infinitely differentiable
Thederivatives at are given by

f3
f Cal f f d5

13 al r
Now if M max Ifl51113 at

HMall E 1 ae IIa ldsl e niff III HI

Huyzolle nMn Cauchy's estimates

Liouville's1hm Everybounded entire function is constant

If f B bounded entire supHEH E M for some M all r O all a cE
15al r

By Cauchy's est In_H iyya I Ir 01

Sending as flat 0 Since was arbitrary f O



Pnd Suppose f is entire and Ifldl a CH for 121 large Then f R
a polynomial ofdeg E n

IE ByCauchy'seats

Ifk a I e lYI ftp.rH5llat

sup China qlnt rn
n ni k

Cdn k v k

so for k 0 sending as showsthat

fluHkd O
Bythepowerseriesrepr

soby
EHutten

fled fO f'lolz t f
z
z2 f

n zu

so f R a polynomial ofdegree en

a If fld40 the boundgives
fHell 14 1 a 1,7 for 14 small

hence f is bounded for 14 large

By Liouville's 1hm f is constant

14 Write flat 5h14 where hot 0 Then

gla 2h46z nhYz LtdhYz
so part14 shows that h is constant say a

Thus fled 2 Ltd az



32disc 10 Example residuetheorem application

Suppose a b 0 We will evaluate

to 7 mdx

Define a keyholecontours I
we consider 1,171 da Ip tfg f k177
where we define log w I sothat Osangzoa

Wehave

Hj 014 o as r soo

sin for fee as E O

Moreover

I I I adx f I4 I dx

so Jg Jg J b5 lo5xthilogx k d
x a t42

On the other hand IMI has simple poles at il a
at a 2 42

so by the Residue Theorem



t.EE da ariEaIIIItaEi.aI7 t
2mi kn ITI t fail.ino52zsih a z l ib a z sib a Z lib a

hi kglilg.FI fail hYgj
IIHogalibal log4 it all

so that

Arf ff dx I Imdog4ib al log4 it all
usualreallog

where log z log 121 t iang z
2

loguld t Ziang log121 ang z

hence

logLib al logy ib al toglil al t 2iarglit a loglib al
angeli al
loftb al Liangfib a logl il al
argatib 4

is awhere anglib al it anglatib it arctanka

anyl il al
it Wotanta a

Thus

Im 2anylib a log ta Zangl il al toga

µ arctanka tartan log 64



2arctanfkal logia 54
hence

go.atafIdx t II.t2arctanKal1ogaCtb4

arctanka log62 44

Forexample if a 4 L

ftp.ofz dx zarctan2 log 2

Ig log 2


